We compute the group cohomology of 32Γ 3 f , a certain group of order 32. For this we construct explicit cocycle representatives of the cohomology generators. We thus lay to rest a discrepancy between several published computations of this cohomology ring.
G. Thus for exampleb 1ā2c2 : G 2 → F 2 : (g 1 , g 2 ) = (f The cohomology of the D 8 is (see for example [1, Theorem 2.7] , where the group generators are different so that our u is the sum of their degree one cohomology generators)
where the classes of degree one are given by u = [ā], v = [b] with square brackets denoting the appropriate equivalence classes and the subscripts denoting the degree. Further we calculate for w in degree two (as f 2 , f 3 is a C 4 we have w ≈ [c 2 ]).
δ(c 1c2 +b 1ā2c2 +b 1c1ā2 +b 1b2c2 +b 1c1b2 +c 1ā2 +b 1ā2b2 )(
Hence w = [c 1c2 +b 1ā2c2 +b 1c1ā2 +b 1b2c2 +b 1c1b2 +c 1ā2 +b 1ā2b2 ]. Furthermore the only non-trivial Steenrod operation is Sq 1 (w) = uw (see again [1, Theorem 2.7] ). Now we can determine the cocycle of the extension (II). To do this we select a splitting σ : D 8 → 16Γ 2 c 2 on the set level and compute q :
We choose the canonical splitting mapping
and the cocycle α is [ā] 2 = u 2 .
Now we use the Leray-Serre-spectral-sequence to determine the cohomology. We have
. Now the cocycle u 2 ∈ H 2 (D 8 ) has to be killed and hence d 2 (t) = u 2 . Now by the algebra structure we can compute d 2 everywhere and get
. Now we use the Steenrod operations to see by Kudo's transgression theorem
By the algebra structure all of d 3 is zero. Furthermore d n (t 2 ) for n > 3 vanishes trivially.
Thus we have a collapse at the E 3 page and retrieve
Here u, v and w are simply inflated from
and we verify
Furthermore the non-trivial Steenrod operations are Sq 1 (w) = uw (still valid) and Sq 1 (x) = 0. For the latter we have to do a bit of work, the result lies in degree three and hence is a linear combination of uw, vw, ux and vx. Now we restrict to the two possible C 4 × C 2 subgroups. For f 1 , f 3 , f 4 with cohomology
Now Sq 1 (p ′2 ) = 0 = Sq 1 (r) (for the second one see e. g. [3, § 7.4]). Hence Sq 1 (x) cannot contain any of the four aforementioned constituents and thus must vanish.
Final computation for 32Γ 3 f
We determine the extension cocycle of (I) as previously.
Thus we receive for the cocycle α now the value w + x.
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Again we use the Leray-Serre-spectral-sequence to determine the cohomology. We have
. Now the cocycle w + x ∈ H 2 (16Γ 2 c 2 ) has to be killed and hence d 2 (t) = w + x. Now by the algebra structure we can compute d 2 everywhere and get
We can thus determine d 3 everywhere. Note that
. Again we use Steenrod operations for the next possible non-trivial differential
As before we see, that the spectral sequence collapses. We end up with the following E ∞ -page, where we omitted equal things due to w = x and uv = v 2 . Now we have the generators u 1 , v 1 , W 2 (w equalling x), y 3 given by ut 2 and z 4 given by t 4 . We also get the relations for u, v and W and furthermore z has no relations. However the relations involving y still need to be determined, since we have y 2 ∧ = u 2 t 4 = 0 and uy ∧ = u 2 t 2 = 0. Now y corresponds roughly toāē 2 . Indeed with x 12 :=d 1d2 +ā 1ā2d2 +ā 1d1ā2 and w 12 :=c 1c2 +b 1ā2c2 +b 1c1ā2 +b 1b2c2 +b 1c1b2 +c 1ā2 +b 1ā2b2 one can verify that the differential of x 12 w 12 + (ē 1 +ē 2 )(x 12 + w 12 ) +b 1c1ā2 +b 1c1ā2c2 +b 1d2 +c 1ā2c2 +ē 1ā2 +ē 1ē2 ā 3 +x 12d3
vanishes. Thus we can use this term as representative for y.
To determine the relations of y we use the subgroup
where ξ belongs to the C 2 .
We first compute the restrictions on the chain level. The inclusion is K ֒→ G : Now we look at the spectral sequence and see that during ungrading we get the following uncertainties: y 2 is a linear combination of W 3 and vW y whereas uy is a scalar multiple of W 2 .
We restrict to K and immediately retrieve y 2 = W 3 and uy = 0. Thus we get the following.
Theorem: The mod-2-cohomology ring of 32Γ 3 f is
